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Abstract

We start by describing the type of world we assume the
agents inhabit in Section 2. Next, we face the task of modeling the behavior of a learning algorithm; Section 3 describes
the parameters we chose for this task. We believe that the
parameters in our model will capture the dynamics of a wide
variety of learning algorithms. Section 4 formally defines
the concept of error, and gives the general equation for calculating an agent’s error as time progresses. We can simplify this equation by making some assumptions about conditional independence, as shown in Section 5. This equation
includes a term that measures how much the agent’s target
function changes: the volatility. In Section 6, we show how
volatility can be calculated in terms of the other agents’
error under the assumption that an agent’s target function
changes only as a consequence of other agents changing
their decision functions (this being the type of MAS we are
interested in). An example plot is given in Section 7.
Section 8 shows how our model matches experimental
results using reinforcement learning agents in a market system, while Section 9 shows how we can apply our theory
and predict experimental results seen elsewhere in the literature.

We describe a framework that can be used to model and
predict the behavior of MASs with learning agents. It uses
a difference equation for calculating the progression of an
agent’s error in its decision function, thereby telling us how
the agent is expected to fare in the MAS. The equation relies
on parameters which capture the agents’ learning abilities
(such as its change rate, learning rate and retention rate) as
well as relevant aspects of the MAS (such as the impact that
agents have on each other). We validate the framework with
experimental results using reinforcement learning agents in
a market system, as well as by other experimental results
gathered from the AI literature.

1. Introduction
The analysis of multi-agent systems (MASs) composed
of learning agents is an important problem because of the
steady increase in the number of open MASs [2] [3] which
allow for the use of learning agents. Up to now, most of
the research in this area has consisted of experiments where
multitudes of learning agents are placed in a MAS, then different learning/game parameters are varied, and the results
are gathered and analyzed. We have ourselves learned a lot
about the dynamics of market-based MASs using this approach [7]. In this paper, we will take a first step forward,
beyond experimental results, and describe a framework that
can be used to model and predict the behavior of MASs with
learning agents. We give a difference equation that can be
used to calculate the progression of an agent’s error in its decision function, thereby telling us how the agent is expected
to fare in the MAS. The equation relies on the values of parameters which capture the agents’ learning abilities and the
relevant aspects of the MAS. We validate the framework experimentally, as well as by using other experimental results
gathered from the AI literature.

2. The World
We define a MAS as consisting of a finite number of

agents, actions, and world states. We let denote the set of
agents in the system,  denote the set of world states (i.e.
distinct
states
of the world that the agents can perceive), and
 , where
    , denotes the set of actions agent  
can take. We assume discrete time, indexed in the various
functions by the superscript  , where  is an integer greater
than 0.
 has a decision function, given by

 Each
  .This function
   agent
maps each state   to
   that will take
the action 
in that state. The action
that agent should take, assuming knowledge of all other
agents’ decision functions
’s payoffs, is given by the
  and
 . The
target function 
agent’s learning task is
to change its decision function so that it matches the target
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two rates. Since changing to the correct
mapping implies
 must
that a change
was
made,
the
value
of
be less than
A
  For.

ED 3  must always be true. Also,
A

equal to 3 , i.e.
if

then 3 .&A since there are only two actions available, so
the one that is not
 wrong must be right. The complimentary
value of %HGIA gives us the probability that an incorrect
mapping does not get fixed. As an example, A .KJ L means
that, if agent initially has all mappings wrong, it will get
half of them right after the first iteration.
We now consider the agent’s correct mappings and define the retention rate as the probability that a correct mapping will stay correct in the next iteration. The retention rate
is given by M where

function. The target function is assumed to be “myopic”;
that is, it does not take into account the possibility of future
encounters, but instead simply finds the action that maximizes the immediate payoff given the current situation.

3. Modeling a Learning Algorithm
The agents in the MAS are engaged in a discrete action/learn loop that works as follows: At time  the agents
perceive a world   which is drawn from a fixed distribution
  "! . They then each take the action dictated by
their functions, and all of these actions are assumed to be
taken in parallel. Lastly, they receive some sort of lesson
or
which their learning algorithm
uses to change the
 . By
 reward
so as to (hopefully)
better
match
time $#&% , the

 ('$) functions and are ready
agents have new
to perceive
the world
again
and
repeat
the
loop.
Notice
that,
at time  


,- .
the  takes into account the * of all other agents +,
The
algorithm is responsible
for chang agent’s
 ('$) learning

ing into
so that it better matches  . Different machine learning algorithms will achieve this with different
degrees of success. We have found a set of parameters that
can be used to model the effects of a wide range of learning
algorithms. We will also assume that each agent uses only
one learning algorithm during its lifetime. This means that
when we talk about an agent’s learning capabilities, we are
really talking about the capabilities of the agent’s learning
algorithm.
After agent takes an action and
re receives  some
.
We
can
ward/lesson, it will try to change its to match


expect that for some  ’s it was true that ("!/.0 ("! ,
while for some other
 case. That is,
  ’s this was not the
some of the 12 mappings given by ("! might have
been incorrect. In general, a learning algorithm might affect
both the correct and incorrect mappings. We will treat these
two cases separately.
We start by considering the incorrect mappings and define the change rate of the agent as the probability that the
agent will change one of its incorrect mappings. Formally,
we define the change rate 3 for agent as

465 3  . 798;:  ( '$) ( "!9. <   ( =!>    "!=. <    "!@?

('$)
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We propose that the behavior of a wide variety of learning algorithms can be captured
  (or at least
 approximated)
using appropriate values for 3 , A and M .
Finally, we define volatility to mean the probability that
the oracle
function will change. Formally, volatility is given

by Q where
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In Section 6, we will show how to calculate Q

(4)
in terms

of the error of the other agents.

4. Calculating the Agent’s Error
We define the error of agent ’s decision function
time  as:
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where, as mentioned before, (=! is a fixed probability

distribution from which the worlds seen are taken. R  !
gives us the probability that agent will take an incorrect
action. It assumes actions are either correct or incorrect.
The agent’s expected error at time #[% can be calcu
lated by considering the four possibilities
of whether   "!


changes or not, and whether  "! was correct
 ornot
 (note:
we will be referring to these functions as  and in order
to make the equations shorter).

(1)
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This tells us how likely the agent is to change an incorrect mapping into something else. This “something else”
might be the correct action. The probability that the agent
changes an incorrect mapping to the correct action is called
the learning rate of the agent, which is defined as A where
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The value of A must take into account the fact that the
worlds seen at each time step are taken from ("! . There
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are two constraints that must always be satisfied by these
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where we define
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plugging the values into (11). The first three terms will become 0 and the fourth term will\ simplify
of
 ('$) !@to?6. theR  definition
 ! .
error (5). We then end up with : R 


We can also let 3 and A (keeping (3 '$* ) .|A * .1
\
 !P?S.13  R %  ) be! . arbitrary numbers, which gives us : R 
This
tells us
that
the
error
will
drop
faster
for
a
smaller
change

 D 3  ) in
rate 3 . The reason is that ’s learning (remember A
this game is counter-productive because it is always made
invalid by + ’s learning rate of % . That is, since + is changing
’s best strategy is to
all its mappings to match ’s actions,

keep its actions the same (i.e. 3 .C} ).

(7)
(8)
(9)
(10)

Equation (6) will model any MAS whose agent learning
can be described with the parameters presented Section 3
and whose action/learn loop is the same as we described.
We can use (6) to calculate the successive expected errors
for agent , given values for all the parameters and probabilities. In the next section we show how this is done in a
simple example game.

5. Further Simplification
We can further simplify (6) if we are willing to make two
assumptions. The first
 assumption is that the new actions
chosen when either  ("! changes (and does not match the

target), or when  (=! changes,
 are both taken from flat
probability distributions over . By making this assumption we can find values for f , l , m and h , namely:

4.1. The Matching game

"
f .Cl~.    Gk
  G%

In this game, we assume that we have two agents and +
each of whom, in every world  , wants to play
ac" . the same
* , where
tion as the other
one.
Their
set
of
actions
is
"

we assume  qp
(for  Y.o the equation is simpler).
After every time step, the agents both learn and change their
decision functions in accordance to their learning rates, retention rates, and change rates. Given this information, we
can find values for some of the probabilities in (6) (including values for (7) (8) (9) (10)) and rewrite (see Appendix A
for derivation) it as:

which makes

" tGd

m .    tGk
o
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(13)

The second
assumption we make is that the probabil
ity of   "! changing, for a particular  , is condition
ally independent of the probability that (=! was correct. In Section 4.1  we saw that
the matching game
 (=! and  (=in
the probabilities
of
changing
were corre
!

 ! was also
lated since, if (=! was wrong then * ("
  "! , whichwrong,
*
would
probably
change
would
which meant
+

change  ("! .
The matching game is a degenerate example in exhibiting such tight coupling between the agents’ oracle functions. In general, we can expect that there will be a number of MASs where the probability that any two agents
and + are correct is uncorrelated (or loosely correlated).
For example, in a market system all sellers try to bid what
the buyer wants, so the fact that one seller bids the correct
amount says nothing about another seller’s bid. Their bids
are all uncorrelated.
This second assumption we are trying to make can be
formally represented by having (14) be true for all pairs of
agents and + in the system.
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We can better understand this equation by plugging in
some  values and simplifying.
For example, let’s assume
* .U% and A  .{A * .U% , which implies that
that
M
z
.
M
3  .o3 * .K% . This
 is the case
 where the two agents always
change all the (=! and * ("! that were wrong so that they
match their respective target functions at time  . This results
in agent changing all its wrong mappings to match + , and
+ changing to match so that all the mappings stay wrong
( ends up doing what + did before while + does what did
before) and the error stays the same. We can see this by
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After making these two assumptions we can rewrite (6)
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Some of the probabilities in this equation are just the definition of Q , the others simplify to the agent’s error. This
means that we can simplify (15) to:
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Figure 1. Error progression
 .¦J§for, 3  agent
 ,.|asQ
|
.
%
A
J ,
suming
a
fixed
volatility
,
M  .¦% ,    .&} . The error converges to .44.

that this value is not available to us (if we knew it we would
already know a lot about the dynamics of the system). In
this section we determine the value of Q in terms of the
other agents’ changes
('W) *  in their decision functions. That is, in
terms of 798;: *
. < ? , for all other agents + .

In order to do this, we first need to define the impact ¨ *
that agent + ’s changes in its decision function have on .

(16)

Eq. (16) is a difference equation that can be used to determine the expected
of the
\  ('W) !P? aserror
 agent at any time by simply
using : R 
the R  ! for the next iteration. While
it might look complicated, it is just the function
('$) for a line
. rH#v where . R   ! and ('$) . R    ! . Using this
observation, and the fact that R 
! will always be between } and % , we determine the final convergence point for
the error to be the point where (16) intersects the line . .
The only exception is if the slope equals G% , in which case
we will see the error oscillating between two points.
By looking at (16) we can also determine that there are
two “forces” acting on the agent’s error: volatility and the
agent’s learning abilities. The volatility tends to increase
the agent’s error past its current value while the learning reduces it. We can better appreciate this
 effect by separating
the Q terms in (16) and plotting the Q terms (volatility) and
the rest of the terms (learning) as two separate lines. By definition, these will add up to the line given by (16). We have
plotted these three lines and traced a sample error progression in Figure 1. The error starts at .95 and then decreases
to eventually converge to .44. We notice the learning curve
always tries to reduce the agent’s error, as confirmed by the
fact that its line always falls below .{ . Meanwhile,
the volatility adds an extra error. This extra error is bigger
when the agent’s error is small since, then, any change in
the target function is likely to increase the agent’s error.
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The first thing to notice is that volatility is no longer constant, it varies with time (as indicated by the superscript).

The first conditional probability in (18) is just ¨ * , the second one we will set to } since we are specifically interested
in MASs where the volatility arises only as a side-effect of
the other agents’ learning. That is, we assume that agent
’s target function changes only when + ’s decision function
changes. We ignore any other outside influences that might
make the agent’s target function change.

We can then simplify this equation and generalize it to
agents, under the assumption that the other agents’ changes
in their decision
functions will not cancel each other out,

making stay the same as a consequence. This approxi-

6. Volatility and Impact
Eq. (16) is useful for determining the agent’s error when
we know the volatility of the system. However, it is likely
4

mation makes the equations simpler.

Q 

then becomes

Final Error for
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Figure
2. Plot of Final Error for agent , given
A   .´A * .µJ , M  .°M * .¶% , 3  .·3 * .µ% ,   * E.
 Y.C} .

where the expected value is:
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error is expected
 to be below J¸% , corresponding to low values for either ¨ * , ¨ * or both. This area represents MASs
that are loosely coupled, i.e. one agent’s change in behavior
does not significantly affect the other one. In these systems
we can expect that the error will eventually1 reach a value
close to zero. We see that as the impact increases the final
error also increases, with a fairly abrupt transition between a
final error of 0 and bigger final errors. This abrupt transition
is characteristic of these type of systems where there is are
tendencies to either converge or diverge, and both of them
are self-enforcing behaviors.
Notice also that the graph is

not symmetric— ¨ * has more weight in determining ’s final error than ¨ * . This result seems counterintuitive, until
we realize that it is + ’s error that makes it hard for to converge to a small error. If ¨ * is high then, if has a large
error, then + ’s error will increase, which will make + change
its decision function
often and make it hard for to reduce

its error. If ¨ * is low then, even if ¨ * is high, + will probably settle down to a low error and as it does will also be
able to settle down to a low error.
Another view of the system is given by Figure 3 which
shows a vector plot of the agents’ errors. Higher errors are
quickly reduced but the pace of learning decreases as the
errors get closer to the convergence point. Notice that an
agent’s error need not change in a monotonic fashion.

We can then plug (21) into (19) in order to get the expected volatility

\ : Q  ]? .|%cG ª c% Gd¨ *  e3 * R   *  B! #CZ%cGM * ! ` Z %cG R   *  !Z!y!
* V«O¬ £


(22)

We can use this expected value of Q in (16) in order to
find out how the other agents’ learning will affect agent .
In MASs that have identical learning agents (i.e. their A , 3 ,
M , and ¨ rates are all the same and they start with the same
initial error) we can replace the multiplier in (22) with an

exponent of  _G[% . We use this simplification later in
Appendix B.

7. An Example with Two Agents
In a MAS with just two agents and + , we can use (22)
to rewrite (16) as
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8. A Simple Application
(23)

 .¯A * .°J , 3  .¯3 * .°% , M  .¯M * .°% ,
 * >.¥ B.~}A and


we let the impacts ¨ * and ¨ * vary

In order to demonstrate how our theory might be used,
we tested it on a simple market-based MAS. The game con-

Let’s say
  that

1 Notice that we are not representing how long it takes for the error to
converge. This can easily be done and is just one more of the parameters
our theory allows us to explore.

between zero and one. Figure 2 shows the final error (after
convergence) for this situation. It shows an area where the

5

%iÂ©¾} (i.e. it will change it unless + just changed to } ).
If is bidding 19 then this probability is %iÃ©¾} , and so on
J^JiJ The average of all of these is %¾N%i} . A more precise calculation of the impact would require us to actually run the
system and find it via experimentation.


Finally, we chose A .µA * .Ä3 .Ä3 * .ÅJ }}YL for the
first curve (i.e. the one that compares with º * .J% ). We
knew that for such a low º * the learning and change rate
should be the same. The actual value was chosen via experimentation. The resulting curve is shown in Figure 4(b). At
this moment, we do not possess a formal way of deriving
learning and change rates from º -rates.
For the second curve ( º * .ÆJ  ), since only º * had
changed from the first experiment, we knew we should only
change A * and 3 * . In fact, these two values should only be
increased. We found their exact values, again by experimentation, to be A * .0J }Ç , 3 * .~J Ç . For the third curve we
found the values to be A * .oJ }FLFL , 3 * .¦J Ã .
One difference we noticed is that the experimental results show a longer delay before the error starts to decrease.
We attribute this delay to the agent’s initially high exploration rate. That is, the agents initially start by taking all
random actions but progressively reduce this rate of exploration. As the exploration rate decreases, the discrepancy
between our theoretical predictions and experimental results is minimized.
In summary, while it’s true that we found A * and 3 * by
experimentation, all the other values were calculated from
the description of the problem. Even the relative values of
A * and 3 * follow the intuitive relation with º * that, as º * increases, so does A * and (even more) 3 * . We believe that this
experiment provides solid evidence that our theory can be
used to approximately determine the quantitative behaviors
of MASs with learning agents.
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 *  ! , where
.¦% , 3  .|J L ,

sists of three agents, one buyer and two seller agents and
. The buyer will always buy at the cheapest price— but the
sellers do not know this fact. The sellers can bid any one of
20 prices in an effort to maximize their profits. There is one
good being sold (  n.¦% ).
As predicted by economic theory, the price in this system settles to the sellers’ marginal cost, but it takes time to
get there due to the learning inefficiencies. The sellers are
reinforcement learning agents [7]. We experimented with
different º * rates2  for the reinforcement learning of agent
+ , while keeping º .~J% fixed and plotted the running average of the error of agent . A comparison is shown in Figure 4. Figure 4(a) gives the experimental results for three
different values of º * . It shows ’s average error, over 100
runs, as a function of time. Since both sellers start with
no knowledge, their initial actions are completely random
which makes their error equal to J§L . Then, depending on
º * , ’s error will either start to go down from there or will
first go up some and then down.
We tried to predict this behavior
(23). Based on
  using

the game description, we set  N.K  * N.o} , since there
were } possible actions. We let M .»M * .¼% because,
in reinforcement learning with fixed payoffs, once an agent
is taking the correct action it will never change its decision
function to take a different action. The agent might, however, still take a wrong action but only when its exploration
rate dictates it. 

We then let ¨ * .½¨ * .¶%¾©%g} based on the rough calculation that each agent has an equal probability of bidding
any one of the 20 prices. If is bidding 20 then, if + changes
its bid price, will have to change its price with probability

+

9. Application to Results from the Literature
We have also used our theory to reproduce experimental results from the literature. For example, Figure 5(a)
shows experimental results from Shoham and Tennenholtz
[6]. They show how the percentage of agents reaching a
convention decreases as the delay between applications of
the learning algorithm increases. We were able to translate
from their units of measurement into ours (see Appendix B)
and produce theoretical predictions that were, at worst, 5%
off from their experimental results, as seen in Figure 5(b).
This level of error can be justified by some of the approximations we had
 to make in the translation. Notice that
the range for A is dictated by the experimenters’ choice of
testing
update delays between 0 and 200. Learning rates
A  KJ¸%iÈYÉ have no experimental counterpart since they imply a delay less than 0.
We have also reproduced some of the results in

2¿
the relative weight the algorithm gives to the most recent reward.
¿ÀCÁ ismeans
that it will forget all previous experience and use only the

latest reward to determine what action to take.
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Figure 5. Comparing theory (b) with results from Shoham and Tennenholtz (a) [6].

Claus and Boutelier [1], and believe that we can do
the same for some of the experiments in Sen et. al.
[5], and Ishida [4] (see http://ai.eecs.umich.
edu/people/jmvidal/papers/icmas98l.ps for
details on how these reproductions were achieved).

others. These results allow us to more confidently state the
effectiveness and accuracy of our theory to a wide variety
of machine learning algorithms in different MASs.
Finally, it is unlikely that every single learning algorithm
can be formally mapped into our framework. However, this
should not deter one from using our theory since we believe
that non-intuitive insights can be gained even if the parameter values are only approximations or educated guesses. We
are currently exploring the possibility of formally mapping
specific learning techniques into our framework, and trying
to determine the sensitivity of our predictions to slight errors in the values of the parameters.

10. Summary
We have presented a framework for studying the behavior of MASs composed of learning agents. We believe that
this framework captures the most important parameters that
describe the agents’ learning and the system’s rules of encounter. Various simple applications of the theory were
given, along with a comparison with experimental results
using reinforcement learning agents. The theoretical predictions were shown to closely match the experimental results. We also reproduced experimental results published by
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A. Derivation for matching game
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B. Shoham and Tennenholtz
In [6], the authors introduce a learning algorithm
(strategy-selection rule) called highest cumulative reward
(HCR) which their agents use for learning conventions.
We reproduced experimental results from their Section 4.1
where they study the “coordination game” which is the
same as our matching game but with only two actions.
The experiment in question involves 100 agents, all of
them identical and all of them using HCR. At each time

(29)

This equation is used to plot the experiment curve in Figure 5(b). For the theory curve, we used (16) and (22), iterated 1600 times and plotted the error at that time.
8

C. Application of our Theory to Experiments
in the Literature

other’s oracle function. If, however, one of them stays put
this means that his change rate is 0 so the other agent’s oracle function will stay still and he will be able to reach his
target (i.e. error 0) quicker.
Notice that the problem of a moving target that Ishida
studies is different from the problem of a moving target
function which we study. It is, however, interesting to note
their similarities and how our theory can be applied to some
aspects of that domain.
Another possible example is given by Sen et. al. in [5].
They show two Q-learning agents trying to cooperate and
move a block. The authors show how different º rates (ø
in their paper) affect the quality of the result that the agents
converge to. This quality roughly refers to our error, except for the fact that their measurements implicitly consider
some actions to be better than others, while we consider an
action to be either wrong or right. This discrepancy would
make it harder to apply our theory to their results but we
still believe that a rough approximation is possible.

In this Section we show how we can apply our theory
to experimental results found in the AI and MAS literature.
While we will often not be able to completely reproduce the
authors’ results exactly, we believe that being able to reproduce the flavor and the main quantitative characteristics of
experimental results in the literature shows that our theory
can be widely applied and used by practitioners in this area
of research.

C.1. Claus and Boutilier
In [1] Claus and Boutilier study the dynamics of a system that contains two reinforcement learning agents. Their
first experiment put the two agents in a matching game
" Oex-.
actly
like
the
one
we
describe
in
Section
4.1
with

  * Þ.µ . Their results showed
 the probability that both
agents matched (i.e. 1 - R  ! ) as time progressed. Since
they were using two reinforcement learning agents, it was
not surprising that the curve they saw, seen in Figure 6(a),
was nearly identical to the curve we saw in our experiments

with the two buying agents (Figure 4(a) with º * . º .¦J¸% ,
except upside-down).
We can reproduce their curve using our equation for
the matching game (11). The results can be seen in Figure 6(b). Our theory again fails to account for the initial
exploration rate. We can, however, confirm that by time 15
their Boltzmann temperature (the authors used Boltzmann
exploration) had been reduced from an initial value of 16
to  J Â and would keep decreasing by a factor of .9 each
time step. This means that by time 15 the agents were,
indeed, starting to do some exploitation (i.e. reduce their
error) while doing little exploration.

C.2. Others
There are several other examples in the literature where
we believe our theory can be successfully applied. In [4]
chapter 3.7, Ishida gives results of an experiment where two
agents try to find each other in a 100 by 100 grid. He shows
that if the grid has few obstacles it is faster if both agents
move towards each other, while if there are many obstacles
it is faster if one of the agents stays still while the other one
searches for it. We believe that the number of obstacles is
proportional to the change rate that the agents experience
and, perhaps, to the impact that they have on each other.
When there are no obstacles the agents never change their
decision function (because their initial Manhattan heuristics lead them in the correct path). As the number of obstacles increases the agents will start to change their decision
functions as they move which will have an impact on the
9
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Figure 6. Comparing theory (b) with results from Claus and Boutilier (a) [1].
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