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Abstract

We describea framework that canbeusedto modeland
predict thebehaviorof MASswith learningagents. It uses
a differenceequationfor calculatingtheprogressionof an
agent’serror in its decisionfunction,therebytelling ushow
theagentis expectedto farein theMAS.Theequationrelies
on parameters which capture theagents’ learningabilities
(such asits changerate, learningrateandretentionrate)as
well asrelevantaspectsof theMAS(such astheimpactthat
agentshaveoneach other).Wevalidatetheframeworkwith
experimentalresultsusingreinforcementlearningagentsin
a market system,as well as by other experimentalresults
gatheredfromtheAI literature.

1. Intr oduction

Theanalysisof multi-agentsystems(MASs) composed
of learningagentsis an importantproblembecauseof the
steadyincreasein thenumberof openMASs [2] [3] which
allow for the useof learningagents. Up to now, mostof
theresearchin thisareahasconsistedof experimentswhere
multitudesof learningagentsareplacedin aMAS, thendif-
ferentlearning/gameparametersarevaried,andtheresults
aregatheredandanalyzed.We have ourselveslearneda lot
aboutthe dynamicsof market-basedMASs usingthis ap-
proach[7]. In this paper, we will take a first stepforward,
beyondexperimentalresults,anddescribeaframework that
canbeusedtomodelandpredictthebehavior of MASswith
learningagents.We give a differenceequationthatcanbe
usedtocalculatetheprogressionof anagent’serrorin itsde-
cisionfunction,therebytelling ushow theagentis expected
to farein theMAS. Theequationrelieson thevaluesof pa-
rameterswhichcapturetheagents’learningabilitiesandthe
relevantaspectsof theMAS. Wevalidatetheframeworkex-
perimentally, aswell asby usingotherexperimentalresults
gatheredfrom theAI literature.�
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We startby describingthetypeof world we assumethe
agentsinhabitin Section2. Next, wefacethetaskof model-
ing thebehavior of alearningalgorithm;Section3 describes
theparameterswe chosefor this task. We believe that the
parametersin ourmodelwill capturethedynamicsof awide
variety of learningalgorithms. Section4 formally defines
theconceptof error, andgivesthegeneralequationfor cal-
culatingan agent’s error astime progresses.We cansim-
plify thisequationby makingsomeassumptionsaboutcon-
ditionalindependence,asshown in Section5. Thisequation
includesa termthatmeasureshow muchtheagent’s target
functionchanges:thevolatility. In Section6, weshow how
volatility can be calculatedin termsof the other agents’
error underthe assumptionthat an agent’s target function
changesonly as a consequenceof other agentschanging
theirdecisionfunctions(thisbeingthetypeof MAS weare
interestedin). An exampleplot is givenin Section7.

Section8 shows how our modelmatchesexperimental
resultsusingreinforcementlearningagentsin amarketsys-
tem, while Section9 shows how we canapply our theory
andpredictexperimentalresultsseenelsewherein theliter-
ature.

2. The World

We definea MAS as consistingof a finite numberof
agents,actions,andworld states.Welet

�
denotethesetof

agentsin thesystem,� denotethesetof world states(i.e.
distinctstatesof theworld thattheagentscanperceive),and���

, where � ��� �	��
 , denotesthesetof actionsagent��
 �
cantake. We assumediscretetime, indexedin thevarious
functionsby thesuperscript� , where � is an integergreater
than0.

Eachagent ��
 �
hasa decision function, given by������ � � � �

. This function mapseachstate ��
�� to
theaction � � 
 � �

that � will take in thatstate.Theaction
that agent � shouldtake, assumingknowledgeof all other
agents’decisionfunctionsand � ’s payoffs, is givenby the
targetfunction � � ��� ��� ���

. Theagent’s learningtaskis
to changeits decisionfunctionsothat it matchesthetarget
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function. The target function is assumedto be “myopic”;
thatis, it doesnot take into accountthepossibilityof future
encounters,but insteadsimply finds the action that maxi-
mizestheimmediatepayoff giventhecurrentsituation.

3. Modeling a Learning Algorithm

The agentsin the MAS are engagedin a discreteac-
tion/learnloop thatworksasfollows: At time � theagents
perceivea world � � 
�� which is drawn from a fixeddis-
tribution ��� �"! . They theneachtake theactiondictatedby
their

����
functions,andall of theseactionsareassumedto be

taken in parallel. Lastly, they receive somesort of lesson
or rewardwhich their learningalgorithmusesto changethe����

soasto (hopefully)bettermatch � � �
. By time �$#&% , the

agentshave new
� �('$)�

functionsandarereadyto perceive
theworld againandrepeatthe loop. Notice that,at time �
the � � �

takesinto accountthe
���* of all otheragents+,
 �,- �

.
Theagent’s learningalgorithmis responsiblefor chang-

ing
����

into
� �('$)�

sothat it bettermatches� � �
. Differentma-

chine learningalgorithmswill achieve this with different
degreesof success.We have founda setof parametersthat
canbeusedto modeltheeffectsof awiderangeof learning
algorithms.We will alsoassumethateachagentusesonly
onelearningalgorithmduringits lifetime. This meansthat
whenwe talk aboutanagent’s learningcapabilities,we are
really talking aboutthe capabilitiesof theagent’s learning
algorithm.

After agent � takes an action and receives some re-
ward/lesson,it will try to changeits

����
to match� � �

. Wecan
expectthat for some� ’s it wastrue that

���� �(�"!/.0� �� �(�"! ,
while for someother � ’s this was not the case. That is,
someof the �1�2� �

mappingsgivenby
���� �(�"! might have

beenincorrect.In general,a learningalgorithmmightaffect
boththecorrectandincorrectmappings.Wewill treatthese
two casesseparately.

We startby consideringthe incorrectmappingsandde-
fine thechangerate of theagentastheprobabilitythatthe
agentwill changeoneof its incorrectmappings.Formally,
wedefinethechangerate 3 � for agent� as465 3 � .�798;: � �('$)� �(�"!9<. � �� �(�=!>� � �� � �"!=<.�� �� � �"!@? (1)

This tells ushow likely theagentis to changean incor-
rect mappinginto somethingelse. This “somethingelse”
might be thecorrectaction. Theprobability that theagent
changesanincorrectmappingto thecorrectactionis called
the learning rate of theagent,which is definedas A � where465 A � .�798;: � �('$)� �(�"!�.�� �� �(�"!B� � �� � �"!=<.C� �� � �"!@? (2)

The valueof A � musttake into accountthe fact that the
worldsseenat eachtime steparetaken from ���(�"! . There
aretwo constraintsthat mustalwaysbe satisfiedby these

two rates. Sincechangingto the correctmappingimplies
thatachangewasmade,thevalueof A � mustbelessthanor
equalto 3 � , i.e. A �ED 3 � mustalwaysbetrue.Also, if � � � �F.
 then 3 � .&A � sincethereareonly two actionsavailable,so
theonethatis notwrongmustberight. Thecomplimentary
value of %HGIA � gives us the probability that an incorrect
mappingdoesnot getfixed. As anexample,A � .KJ L means
that, if agent� initially hasall mappingswrong, it will get
half of themright afterthefirst iteration.

We now considerthe agent’s correctmappingsandde-
finetheretentionrate astheprobabilitythatacorrectmap-
pingwill staycorrectin thenext iteration.Theretentionrate
is givenby M � where465 M � .C798N: � �('$)� � �"!O.�� �� � �"!>� � �� �(�"!O.&� �� �(�"!P? (3)

We proposethatthebehavior of a wide varietyof learn-
ing algorithmscanbe captured(or at leastapproximated)
usingappropriatevaluesfor 3 � , A � and M � .

Finally, wedefinevolatility to meantheprobabilitythat
theoraclefunctionwill change.Formally, volatility is given
by Q �

where 4 5 Q � .C798N: � �('$)� � �"!=<.&� �� � �"!@? (4)

In Section6, we will show how to calculateQ �
in terms

of theerrorof theotheragents.

4. Calculating the Agent’s Err or

We definethe error of agent � ’s decisionfunction
����

at
time � as:R � � �� !S.UT5WVYX ���(�"!Z798	: � �� � �"!=<.&� �� � �"!@? (5)

where,asmentionedbefore,���(�=! is a fixedprobability
distribution from which the worlds seenare taken. R � ���� !
givesus the probability that agent � will take an incorrect
action.It assumesactionsareeithercorrector incorrect.

The agent’s expectederror at time ��#[% canbe calcu-
latedby consideringthefourpossibilitiesof whether� � � � �"!
changesor not,andwhether

���� � �"! wascorrector not (note:
wewill bereferringto thesefunctionsas � � �

and
����

in order
to make theequationsshorter).\ : R � � �('$)� !@?].UT5WVYX ���(�"!^� 798_: � �('$)� .&� �� � � �� .&� �� ?` 798;: � �� .&� �� ? ` �a%�G�M � !#b798N: � �('$)� .&� �� � � �� <.�� �� ? ` 798;: � �� <.�� �� ? ` �Z%cGdA � !#b798N: � �('$)� <.&� �� � � �� .�� �� ?` 798;: � �� .�� �� ? ` �eM � #C�Z%cG�M � ! `gf !#b798N: � �('$)� <.&� �� � � �� <.�� �� ? ` 798;: � �� <.�� �� ? `ih

(6)
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wherewedefinef .C798;: � �('W)� <.�� �('$)� � � �� .�� ��_j � �('$)� <.&� ��j � �('W)� <.�� �� ? (7)h .CA � #��a%cGk3 � !Zl[#C�e3 � GkA � !Zm (8)ln.C798;: � �� <.�� �('$)� � � �� <.&� ��_j � �('$)� <.&� �� ? (9)mo.C798;: � �('W)� <.�� �('$)� � � �� <.�� �� j � �('$)� <.&� ��j � �('W)� <.�� ��]j � �('W)� <. � �� ? (10)

Equation(6) will modelany MAS whoseagentlearning
canbe describedwith the parameterspresentedSection3
andwhoseaction/learnloop is the sameaswe described.
We canuse(6) to calculatethe successive expectederrors
for agent � , givenvaluesfor all the parametersandproba-
bilities. In the next sectionwe show how this is donein a
simpleexamplegame.

4.1. The Matching game

In thisgame,weassumethatwehavetwo agents� and+
eachof whom,in everyworld � , wantsto playthesameac-
tion astheotherone.Theirsetof actionsis

�"� . � * , where
weassume� �"� �qp�
 (for � ��� �Y.o
 theequationis simpler).
After everytimestep,theagentsbothlearnandchangetheir
decisionfunctionsin accordanceto their learningrates,re-
tentionrates,andchangerates.Giventhis information,we
canfind valuesfor someof theprobabilitiesin (6) (includ-
ing valuesfor (7) (8) (9) (10)) andrewrite (seeAppendixA
for derivation)it as:\ : R � � �('$)� !P?].UT5WVYX �r�(�"!^�(M * ` 798N: � �� .C� �� ? ` �a%cGdM � !#��a%cGk3 * ! ` 798N: � �� <.C� �� ? ` �a%cGkA � !#��a%cGdM * ! ` 798;: � �� .&� �� ? `Bs M � #C�Z%cG�M � ! `Bs � � � �tGu
� ��� �tGv%;w�w#x3 * ` 798;: � �� <.&� �� ?` s %cGdA * # 3 � A * �y� � � ��Gv%g!>#xA � �a%cGkA * !WGk3 �� �"� �tGk
 w !

(11)

We can betterunderstandthis equationby plugging in
somevaluesand simplifying. For example, let’s assume
that M � .zM * .U% and A � .{A * .U% , which implies that3 � .o3 * .K% . This is thecasewherethetwo agentsalways
changeall the

���� �(�=! and
���* �(�"! thatwerewrongsothatthey

matchtheirrespectivetargetfunctionsattime � . Thisresults
in agent� changingall its wrongmappingsto match+ , and+ changingto match � so thatall themappingsstaywrong
( � endsup doingwhat + did beforewhile + doeswhat � did
before)and the error staysthe same. We canseethis by

pluggingthevaluesinto (11). Thefirst threetermswill be-
come0 andthefourth termwill simplify to thedefinitionof
error(5). We thenendupwith

\ : R � � �('$)� !@?6. R � ���� ! .
We canalsolet 3 � and A � (keeping3 * .|A * .1% ) bearbi-

trary numbers,which givesus
\ : R � � �('$)� !P?S.13 � R � ���� ! . This

tells us that the error will drop fasterfor a smallerchange
rate 3 � . Thereasonis that � ’s learning(rememberA � D 3 � ) in
this gameis counter-productive becauseit is alwaysmade
invalid by + ’s learningrateof % . Thatis, since+ is changing
all its mappingsto match � ’s actions,� ’s beststrategy is to
keepits actionsthesame(i.e. 3 � .C} ).

5. Further Simplification

Wecanfurthersimplify (6) if wearewilling to maketwo
assumptions.The first assumptionis that the new actions
chosenwheneither

���� �(�"! changes(anddoesnotmatchthe
target), or when � � � �(�=! changes,areboth taken from flat
probabilitydistributionsover

���
. By makingthis assump-

tion wecanfind valuesfor f , l , m and h , namely:f .Cl~. � �"� ��Gk
� � � ��G�% mo. � �"� �tGd�� � � �tGk
 (12)

whichmakes h . � ��� �tGu
=Gd3 � #x
�A �� � � ��Gv% (13)

The secondassumptionwe make is that the probabil-
ity of � � � � �"! changing,for a particular � , is condition-
ally independentof the probability that

���� �(�=! was cor-
rect. In Section4.1 we saw that in the matchinggame
theprobabilitiesof � � � �(�=! and

���� �(�=! changingwerecorre-
latedsince,if

���� �(�=! waswrongthen
���* �(�"! wasalsowrong,

whichmeant+ wouldprobablychange
���* � �"! , whichwould

change� � � �(�"! .
Thematchinggameis a degenerateexamplein exhibit-

ing suchtight coupling betweenthe agents’oraclefunc-
tions. In general,we canexpectthat therewill be a num-
ber of MASs wherethe probability that any two agents�
and + are correct is uncorrelated(or loosely correlated).
For example,in a market systemall sellerstry to bid what
thebuyerwants,so the fact thatonesellerbids thecorrect
amountsaysnothingaboutanotherseller’s bid. Their bids
areall uncorrelated.

This secondassumptionwe are trying to make can be
formally representedby having (14) betruefor all pairsof
agents� and+ in thesystem.798N: � �� �(�"!�.�� �� �(�"! j � �* �(�=!O.C� �* � �"!@?>.798N: � �� � �"!O.&� �� � �"!@? ` 798;: � �* � �"!O.&� �* � �"!@? (14)
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After makingthesetwo assumptionswe canrewrite (6)
as:\ : R � � �('$)� !P?].UT5WVYX ���(�"!^� 798	: � �('$)� .�� �� ? ` �798N: � �� .�� �� ? ` �a%cGdM � !B#x798;: � �� <.�� �� ? ` �a%cGkA � !y!#x798;: � �('$)� <.&� �� ? ` �e798;: � �� .C� �� ?`$s M � #��a%�GdM � ! `Bs � ��� �tGu
� � � �tGv% w�w#b798;: � �� <.&� �� ? ` s � � � �tGu
=Gk3 � #�
�A �� �"� ��Gv% w !Z!

(15)

Someof the probabilitiesin this equationarejust the def-
inition of Q �

, the otherssimplify to the agent’s error. This
meansthatwecansimplify (15) to:\ : R � � �('$)� !@?].|%cGdM � #bQ � s � ��� � M � Gv%� � � ��G�%kw# R � � �� ! s M � GdA � #uQ � s � �"� ��� A � G�M � !B#xA � Gk3 �� �"� �tG�% w�w

(16)

Eq.(16)is adifferenceequationthatcanbeusedtodeter-
minetheexpectederrorof theagentat any time by simply
using

\ : R � � �('W)� !P? asthe R � ���� ! for thenext iteration. While
it might look complicated,it is just the function for a line� .��r�H#v� where��. R � ���� ! and � . R � � �('$)� ! . Usingthis
observation, and the fact that R � � �('$)� ! will always be be-
tween} and % , wedeterminethefinal convergencepoint for
theerrorto bethepointwhere(16)intersectstheline � .�� .
Theonly exceptionis if theslopeequalsG�% , in whichcase
wewill seetheerroroscillatingbetweentwo points.

By looking at (16) we canalsodeterminethat thereare
two “forces” actingon theagent’s error: volatility andthe
agent’s learningabilities. The volatility tendsto increase
theagent’serrorpastits currentvaluewhile thelearningre-
ducesit. We canbetterappreciatethis effect by separating
the Q �

termsin (16)andplottingthe Q �
terms(volatility) and

therestof theterms(learning)astwo separatelines.By def-
inition, thesewill addup to theline givenby (16). We have
plottedthesethreelinesandtraceda sampleerrorprogres-
sion in Figure1. Theerrorstartsat .95 andthendecreases
to eventuallyconvergeto .44. We noticethelearningcurve
alwaystriesto reducetheagent’serror, asconfirmedby the
fact that its line always falls below � .{� . Meanwhile,
thevolatility addsanextra error. This extra error is bigger
whenthe agent’s error is small since,then,any changein
thetargetfunctionis likely to increasetheagent’serror.

6. Volatility and Impact

Eq.(16) is usefulfor determiningtheagent’serrorwhen
we know thevolatility of thesystem.However, it is likely
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Figure 1. Error progression for agent � , as-
suming a fix ed volatility Q � .¦J§
 , 3 � .|% , A � .|J � ,M � .¦% , � � � ��.&
�} . The error converges to .44.

thatthisvalueis notavailableto us(if weknew it wewould
alreadyknow a lot aboutthe dynamicsof the system). In
this sectionwe determinethe valueof Q �

in termsof the
otheragents’changesin theirdecisionfunctions.Thatis, in
termsof 798;: � �('W)* <. ���* ? , for all otheragents+ .

In orderto do this,wefirst needto definethe impact ¨ * �
thatagent+ ’s changesin its decisionfunctionhaveon � .4 5WVYX ¨ * � .�798N: � �('$)� �(�"!9<.�� �� �(�"!B� � �('$)* �(�"!�<. � �* �(�"!P?

(17)

We cannow startby determiningthat, for two agents�
and+ ,

4]5WVYX Q �
is definedas:Q �� .�798©: � �('$)� �(�"!=<.&� �� �(�"!P?.�798©: � �('$)� <.&� �� � � �('$)* <. � �* ? ` 798N: � �('$)* <. � �* ?#x798N: � �('$)� <.�� �� � � �('$)* . � �* ? ` 798©: � �('$)* . � �* ? (18)

Thefirst thingto noticeis thatvolatility is nolongercon-
stant,it varieswith time (as indicatedby the superscript).
Thefirst conditionalprobability in (18) is just ¨ * � , thesec-
ondonewewill setto } sincewearespecificallyinterested
in MASs wherethevolatility arisesonly asa side-effect of
the otheragents’learning. That is, we assumethat agent� ’s targetfunctionchangesonly when + ’s decisionfunction
changes.We ignoreany otheroutsideinfluencesthatmight
make theagent’s targetfunctionchange.

Wecanthensimplify thisequationandgeneralizeit to
�

agents,undertheassumptionthattheotheragents’changes
in their decisionfunctionswill not canceleachotherout,
making

����
staythe sameasa consequence.This approxi-
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mationmakestheequationssimpler. Q ��
thenbecomes4 5WVYX Q �� .C798;: � �('$)� � �"!=<.&� �� � �"!@?.¦%cG ª* V�«S¬ £ �a%�Gk¨ * � 798N: � �('$)* �(�=!=<. � �* �(�"!P?�!

(19)

We now need to determine the expected value of798©: � �('$)* �(�"!�<. ���* � �"!@? for any agent. Using � insteadof+ wehave4 5WVYX 798;: � �('$)� � �"!=<. � �� � �"!@?.C798N: � �� <.�� �� ? ` 798N: � �('W)� <.�� �� � � �� <.&� �� ?#b798N: � �� .�� �� ? ` 798N: � �('$)� <.C� �� � � �� .&� �� ? (20)

wheretheexpectedvalueis:\ : 798;: � �('$)� <. � �� ?�?6.�3 � R � � �� !B#��a%cGdM � ! ` �a%�G R � � �� !y!
(21)

We canthenplug (21) into (19) in orderto get the ex-
pectedvolatility\ : Q �� ?].|%cG ª* V�«O¬ £ %cGd¨ * � �e3 * R � � �* !B#C�Z%cG�M * ! ` �Z%cG R � � �* !Z!y!

(22)

We canusethis expectedvalueof Q ��
in (16) in orderto

find out how the otheragents’learningwill affect agent� .
In MASs thathave identicallearningagents(i.e. their A , 3 ,M , and ¨ ratesareall thesameandthey startwith thesame
initial error)we canreplacethemultiplier in (22) with an
exponentof � � �_G[% . We usethis simplification later in
AppendixB.

7. An Examplewith Two Agents

In a MAS with just two agents� and + , we canuse(22)
to rewrite (16)as\ : R � � �('$)� !P?].¦%cGdM � #b¨ * � �e3 * R � � �* !>#C�Z%�G�M * ! ` �Z%�G R � � �* !Z!y!` s � � � � M � Gv%� �"� ��G�%kw# R � � �� !E­®M � GdA � #x¨ * � � 3 * R � � �* !B#��a%cGdM * ! ` �a%cG R � � �* !Z!Z!`$s � ��� ��� A � GdM � !B#xA � Gd3 �� ��� ��Gv% w !

(23)

Let’s saythat A � .¯A * .°J 
 , 3 � .¯3 * .°% , M � .¯M * .°% ,� � * �>.¥� � � �B.~
�} andwe let the impacts ¨ � * and ¨ * � vary
betweenzeroandone.Figure2 shows thefinal error(after
convergence)for this situation. It shows anareawherethe
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error is expectedto bebelow J¸% , correspondingto low val-
uesfor either ¨ � * , ¨ * � or both. This arearepresentsMASs
thatarelooselycoupled,i.e. oneagent’schangein behavior
doesnot significantlyaffect theotherone.In thesesystems
we canexpectthat theerrorwill eventually1 reacha value
closeto zero. We seethatasthe impactincreasesthefinal
erroralsoincreases,with afairly abrupttransitionbetweena
final errorof 0 andbiggerfinal errors.Thisabrupttransition
is characteristicof thesetypeof systemswherethereis are
tendenciesto eitherconvergeor diverge,andbothof them
areself-enforcingbehaviors. Notice alsothat the graphis
not symmetric—̈

� * hasmoreweightin determining� ’s fi-
nal error than ¨ * � . This resultseemscounterintuitive,until
we realizethatit is + ’s errorthatmakesit hardfor � to con-
verge to a small error. If ¨ � * is high then, if � hasa large
error, then+ ’serrorwill increase,whichwill make + change
its decisionfunctionoftenandmake it hardfor � to reduce
its error. If ¨ � * is low then,evenif ¨ * � is high, + will prob-
ably settledown to a low errorandasit does� will alsobe
ableto settledown to a low error.

Anotherview of thesystemis givenby Figure3 which
shows a vectorplot of theagents’errors.Highererrorsare
quickly reducedbut the paceof learningdecreasesas the
errorsget closerto the convergencepoint. Notice that an
agent’serrorneednotchangein a monotonicfashion.

8. A SimpleApplication

In orderto demonstratehow our theorymight be used,
wetestedit onasimplemarket-basedMAS. Thegamecon-

1Notice thatwe arenot representinghow long it takesfor theerror to
converge. This caneasilybedoneandis just onemoreof theparameters
our theoryallows usto explore.
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sistsof threeagents,onebuyerandtwo selleragents� and+ . Thebuyerwill alwaysbuy atthecheapestprice—but the
sellersdonotknow this fact.Thesellerscanbid any oneof
20pricesin aneffort to maximizetheirprofits.Thereis one
goodbeingsold( � �n��.¦% ).

As predictedby economictheory, the price in this sys-
temsettlesto thesellers’marginal cost,but it takestime to
get theredueto the learninginefficiencies.Thesellersare
reinforcementlearningagents[7]. We experimentedwith
different º * rates2 for the reinforcementlearningof agent+ , while keepingº � .~J�% fixedandplottedtherunningav-
erageof theerrorof agent� . A comparisonis shown in Fig-
ure 4. Figure4(a) givesthe experimentalresultsfor three
differentvaluesof º * . It shows � ’s averageerror, over 100
runs, as a function of time. Sinceboth sellersstart with
no knowledge,their initial actionsarecompletelyrandom
which makestheir error equalto J§L . Then,dependingonº * , � ’s errorwill eitherstartto go down from thereor will
first goupsomeandthendown.

We tried to predict this behavior using(23). Basedon
thegamedescription,we set � � � �N.K� � * �N.o
�} , sincethere
were 
�} possibleactions. We let M � .»M * .¼% because,
in reinforcementlearningwith fixedpayoffs, onceanagent
is takingthecorrectactionit will neverchangeits decision
function to take a differentaction. The agentmight, how-
ever, still take a wrongactionbut only whenits exploration
ratedictatesit.

We thenlet ¨ � * .½¨ * � .¶%�¾©%g} basedon the roughcal-
culationthateachagenthasanequalprobabilityof bidding
any oneof the20prices.If � is bidding20then,if + changes
its bid price, � will have to changeits pricewith probability

2 ¿ is therelative weightthealgorithmgivesto themostrecentreward.¿�ÀCÁ meansthat it will forget all previous experienceanduseonly the
latestrewardto determinewhatactionto take.

%iÂ©¾�
�} (i.e. it will changeit unless+ just changedto 
�} ).
If � is bidding19 thenthis probability is %iÃ©¾�
�} , andso onJ^JiJ Theaverageof all of theseis %�¾N%i} . A moreprecisecal-
culationof the impactwould requireus to actuallyrun the
systemandfind it via experimentation.

Finally, we chose A � .µA * .Ä3 � .Ä3 * .ÅJ }�}YL for the
first curve (i.e. the onethat compareswith º * .�J�% ). We
knew that for sucha low º * the learningandchangerate
shouldbethesame.Theactualvaluewaschosenvia exper-
imentation.Theresultingcurveis shown in Figure4(b). At
this moment,we do not possessa formal way of deriving
learningandchangeratesfrom º -rates.

For the secondcurve ( º * .ÆJ � ), since only º * had
changedfrom thefirst experiment,weknew weshouldonly
changeA * and 3 * . In fact, thesetwo valuesshouldonly be
increased.We found their exact values,againby experi-
mentation,to be A * .0J }�Ç , 3 * .~J Ç . For thethird curve we
foundthevaluesto be A * .oJ }FLFL , 3 * .¦J Ã .

One differencewe noticedis that the experimentalre-
sultsshow alongerdelaybeforetheerrorstartsto decrease.
We attribute this delay to the agent’s initially high explo-
ration rate. That is, the agentsinitially startby taking all
randomactionsbut progressively reducethis rateof explo-
ration. As the explorationratedecreases,the discrepancy
betweenour theoreticalpredictionsand experimentalre-
sultsis minimized.

In summary, while it’s true that we found A * and 3 * by
experimentation,all the othervalueswerecalculatedfrom
thedescriptionof theproblem.Eventherelative valuesofA * and 3 * follow theintuitiverelationwith º * that,as º * in-
creases,sodoesA * and(evenmore) 3 * . We believe thatthis
experimentprovidessolid evidencethat our theorycanbe
usedto approximatelydeterminethequantitativebehaviors
of MASswith learningagents.

9. Application to Resultsfr om the Literatur e

We have alsousedour theoryto reproduceexperimen-
tal resultsfrom the literature. For example, Figure 5(a)
shows experimentalresultsfrom ShohamandTennenholtz
[6]. They show how the percentageof agentsreachinga
conventiondecreasesasthe delaybetweenapplicationsof
thelearningalgorithmincreases.We wereableto translate
from theirunitsof measurementinto ours(seeAppendixB)
andproducetheoreticalpredictionsthatwere,at worst,5%
off from their experimentalresults,asseenin Figure5(b).
This level of errorcanbe justifiedby someof theapprox-
imationswe had to make in the translation. Notice that
therangefor A � is dictatedby theexperimenters’choiceof
testingupdatedelaysbetween0 and 200. LearningratesA � �KJ¸%iÈYÉ have no experimentalcounterpartsincethey im-
ply adelaylessthan0.

We have also reproducedsome of the results in
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Figure 5. Comparing theor y (b) with results from Shoham and Tennenholtz (a) [6].

Claus and Boutelier [1], and believe that we can do
the same for some of the experimentsin Sen et. al.
[5], and Ishida [4] (see http://ai.eecs.umich.
edu/people/jmvidal/papers/icmas98l.ps for
detailsonhow thesereproductionswereachieved).

10. Summary

We have presenteda framework for studyingthebehav-
ior of MASs composedof learningagents.We believe that
this framework capturesthemostimportantparametersthat
describethe agents’learningandthesystem’s rulesof en-
counter. Varioussimple applicationsof the theory were
given, alongwith a comparisonwith experimentalresults
using reinforcementlearningagents. The theoreticalpre-
dictionswereshown to closelymatchtheexperimentalre-
sults.Wealsoreproducedexperimentalresultspublishedby

others.Theseresultsallow usto moreconfidentlystatethe
effectivenessandaccuracy of our theoryto a wide variety
of machinelearningalgorithmsin differentMASs.

Finally, it is unlikely thateverysinglelearningalgorithm
canbeformally mappedinto our framework. However, this
shouldnotdeteronefrom usingourtheorysincewebelieve
thatnon-intuitiveinsightscanbegainedevenif theparame-
tervaluesareonly approximationsor educatedguesses.We
arecurrentlyexploring thepossibilityof formally mapping
specificlearningtechniquesinto our framework, andtrying
to determinethe sensitivity of our predictionsto slight er-
rorsin thevaluesof theparameters.
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A. Derivation for matching game

If we canassumethat the actionchosenwhenan agent
changes

���� � �"! and the result doesnot match � � � �(�"! (for
somespecific� ) is takenfromaflatprobabilitydistribution,
thenwecansaythat:f . � � � ��Gk
� �"� ��G�% l~.¦%cGkA * (24)

mo.CA * #��a%�GkA * ! s � ��� ��Gk�� � � ��Gu
6w (25)

First, sincehaving � � � ��.µ
 implies that 3 � .¥A � , this
meansthatfor thiscasewehave h .�A � #C�a%ÞG�3 � !ß�Z%ÞGdA * ! .

For the casewhere � � � ��p~
 , which is the casewe are
interestedin, we canplug in the valuesfor l and m and
simplify h to be:h .o%cGkA * # 3 � A * �y� ��� ��Gv%g!B#xA � �Z%cGdA * !EGd3 �� � � ��Gk
 (26)

B. Shohamand Tennenholtz

In [6], the authors introduce a learning algorithm
(strategy-selectionrule) called highestcumulativereward
(HCR) which their agentsuse for learning conventions.
We reproducedexperimentalresultsfrom their Section4.1
where they study the “coordination game” which is the
sameasourmatchinggamebut with only two actions.

The experimentin questioninvolves100 agents,all of
them identical and all of them using HCR. At eachtime

instantthe agentstake oneof two availableactions. The
aim is for every pair of chosenagentsto take thesameac-
tion aseachother. Theauthorsdo not statehow theagents
arepairedup sowe will assumethat they areall randomly
matched. The agentsupdatetheir behaviors (i.e. apply
HCR)afteragivendelay. Theauthorstry a seriesof delays
(from 0 to 200)andshow that increasingtheupdatedelay
decreasesthe percentageof trials where,after 1600 itera-
tions,at least95%of theagentsreacheda convention.The
authorsshow surpriseat finding this phenomenon.Their
resultsarereproducedin Figure5(a)(cf. Figure1 in [6]).

The numberof actionsis � �"� �à.·
 , which implies thatA � .Ä3 � . By examiningHCR, we determinethat M � .Å%
(i.e if an agenttook the right action,it will only get more
supportfor it). Sincethereare100agentsandonly pairsof
theminteractatevery time instant,wehave ¨ � * .¦%t¾tÂFÂ .

In Figure5(a), we seetheir x-axis is calledthe update
delay. We will refer to it as á . á is the numberof time
units that passbeforethe agentis allowed to learn. This
meansthatwemustset A � . )âtã¸ä '$)Zå whereæçpv} . We solve
for á andget áx.µ%�¾èæqA � Go% . The valueof æ dependson
their learningalgorithm’sperformance,but we know thatit
mustbe a small number( é�L�} ) greaterthan0. Through
someexperimentationwe settledon æ[.»È (other values
closeto this onegive similar results).Sincein their graph
they look at } D á D 
�}�} , we mustthenlook at A � where))aêyëíì D A �àD )ì .

The y-axis of Figure5(a) is the success(we call it î ),
i.e. numberof trials, out of 4000,whereat least95% of
theagentsreacheda convention. We know that in ît¾�ÇY}�}F}
percentageof thetrialsat least95%of theagentshaveerror
near0 (i.e. reachingaconventionmeansthattheagentstake
theright actionalmostall thetime). We canapproximately
mapthisto anerrorby sayingthatin î�¾tÇF}F}�} of thetrialsthe
errorwas0 (aslightunderestimate),while in %EGïît¾tÇF}�}F} of
the trials the error was1 (a slight overestimate).We add
thesetwo andarriveatanequationthatmapsî to R � ���� ! .R � � �� !Oð¦�ñ�(ÇY}�}�}"Guîg!ñ¾�ÇY}�}�}Y! (27)

The mappingfrom á to î is given by their actualdata,
whichcanbefittedusingthefunction:î".���Â�}F}�GdÇFáòGv�eáòGv%i}�}Y! ê ¾N%i}F} (28)

Puttingthevalueof á into (28), andtheresultinto (27),
we finally arrive at a functionthatmapstheir experimental
resultsinto ourunits(for therange

))Zêyëñì D A �àD )ì ).R � � � !O. ÇY}�}F}"G|ói��ÂF}�}=G�Ç_�a%t¾íæqA � Gv%g!àG|ó ã )yô âßõ £ - ) - )aëyëíå(ö)Pëñë ÷6÷ÇF}F}�}
(29)

This equationis usedto plot the experimentcurve in Fig-
ure5(b). For thetheorycurve,we used(16) and(22), iter-
ated1600timesandplottedtheerrorat thattime.
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C. Application of our Theory to Experiments
in the Literatur e

In this Sectionwe show how we canapply our theory
to experimentalresultsfoundin theAI andMAS literature.
While wewill oftennotbeableto completelyreproducethe
authors’resultsexactly, webelievethatbeingableto repro-
ducetheflavor andthemainquantitative characteristicsof
experimentalresultsin the literatureshows thatour theory
canbewidely appliedandusedby practitionersin thisarea
of research.

C.1. Clausand Boutilier

In [1] ClausandBoutilier studythedynamicsof a sys-
temthatcontainstwo reinforcementlearningagents.Their
first experimentput thetwo agentsin a matchinggameex-
actly like the onewe describein Section4.1 with � �"� �O.� � * �Þ.µ
 . Their resultsshowed the probability that both
agentsmatched(i.e. 1 - R � ���� ! ) astime progressed.Since
they wereusingtwo reinforcementlearningagents,it was
not surprisingthat thecurve they saw, seenin Figure6(a),
wasnearlyidenticalto thecurvewesaw in ourexperiments
with thetwo buyingagents(Figure4(a)with º * .�º � .¦J¸% ,
exceptupside-down).

We can reproducetheir curve using our equationfor
the matchinggame(11). The resultscan be seenin Fig-
ure 6(b). Our theoryagainfails to accountfor the initial
explorationrate.We can,however, confirmthatby time15
their Boltzmanntemperature(the authorsusedBoltzmann
exploration)hadbeenreducedfrom an initial valueof 16
to �	J 
�Â andwould keepdecreasingby a factorof .9 each
time step. This meansthat by time 15 the agentswere,
indeed,startingto do someexploitation (i.e. reducetheir
error)while doinglittle exploration.

C.2. Others

Thereareseveralotherexamplesin the literaturewhere
we believe our theorycanbe successfullyapplied. In [4]
chapter3.7,Ishidagivesresultsof anexperimentwheretwo
agentstry to find eachotherin a100by 100grid. Heshows
that if the grid hasfew obstaclesit is fasterif both agents
movetowardseachother, while if therearemany obstacles
it is fasterif oneof theagentsstaysstill while theotherone
searchesfor it. We believe that thenumberof obstaclesis
proportionalto the changerate that the agentsexperience
and, perhaps,to the impact that they have on eachother.
Whenthereareno obstaclesthe agentsnever changetheir
decisionfunction (becausetheir initial Manhattanheuris-
tics leadthemin thecorrectpath).As thenumberof obsta-
clesincreasestheagentswill startto changetheir decision
functionsas they move which will have an impacton the

other’s oraclefunction. If, however, oneof themstaysput
this meansthathis changerateis 0 sotheotheragent’s or-
aclefunctionwill staystill andhewill beableto reachhis
target(i.e. error0) quicker.

Notice that the problemof a moving target that Ishida
studiesis different from the problemof a moving target
functionwhich we study. It is, however, interestingto note
theirsimilaritiesandhow our theorycanbeappliedto some
aspectsof thatdomain.

Anotherpossibleexampleis givenby Senet. al. in [5].
They show two Q-learningagentstrying to cooperateand
move a block. The authorsshow how different º rates( ø
in theirpaper)affect thequalityof theresultthattheagents
converge to. This quality roughly refersto our error, ex-
ceptfor thefactthattheirmeasurementsimplicitly consider
someactionsto bebetterthanothers,while we consideran
actionto beeitherwrongor right. This discrepancy would
make it harderto apply our theory to their resultsbut we
still believethata roughapproximationis possible.

9



0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

0 5 10 15 20 25 30 35 40 45 50

P
ro

ba
bi

lit
y 

of
 c

ho
os

in
g 

an
 o

pt
im

al
 jo

in
t a

ct
io

n

Number of Interactions

Choosing optimal joint actions

Independent learners
Joint action learners

PSfragreplacements

time

1 - error

(a)Experiment

ÊÊ Ë ÌÊ Ë Í
Ê Ë ÎÊ Ë ÏÊ Ë Ð
Ê Ë ÑÊ Ë ÒÊ Ë Ó
Ê Ë ù Ì

Ê Ð Ì Ê Ì Ð Í Ê Í Ð Î Ê Î Ð Ï Ê Ï Ð Ð ÊPSfragreplacements

time

1
-

er
ro

r

Ù £©Õ"Ö ¢

(b) Theory

Figure 6. Comparing theor y (b) with results from Claus and Boutilier (a) [1].

10


