


This new metho d could conceiv ably recurse inde�nitely using the same mo dels at deep er lev els�

as w ould happ en if there w as common kno wledge� Durfee� Lee and Gm ytrasiewicz �� � set ab out

understanding the relationship b et w een RMM and Nash EP for this particular case and disco v ered

some di
erences� In an attempt to reconcile them� they considered a new solution concept� RMM

with the use of a sigmoid function whic h w e will refer to as RMM

S

� The sigmoid metho d w ould at

times appro ximate the Nash EP � but su
ered from stabilit y problems and the authors ga v e some

though ts as to wh y this w as happ ening �

In this pap er� w e giv e a more complete analysis of the b eha vior of RMM

S

and answ er questions

ab out whether it can b e exp ected to alw a ys con v erge to the EP � W e pro v e that it is trying to

con v erge on a Nash EP � after de�ning what w e mean b y this� W e also address its stabilit y problems

and explain wh y these problems arise� with the conclusion that it w ould b e imp ossible to reliably use

this tec hnique for all games� The pap er starts b y reviewing the aforemen tioned solution concepts�

Section � presen ts a di
eren tiation metho d� used in �� �� and pro v es that it sometimes �nds a Nash

EP solution for some games� W e will later pro v e� in Section �� that this is the same solution that

RMM

S

attempts to con v erge to when it con v erges on a mixed strategy solution� In this section

w e will also de�ne what it means to attempt to con v erge on a solution� W e then use this result to

pro v e that RMM

S

alw a ys tries to con v erge to a Nash EP � Note� ho w ev er� that w e said that RMM

S

tries to con v erge to a Nash EP � In fact� Section � will sho w� using nonlinear system theory � wh y

the sigmoid metho d actually fails to con v erge to the Nash EP � W e also pro vide a b etter metho d for

understanding the b eha vior of RMM

S

� Our analysis is then expanded to non�symmetric games for

whic h w e sho w that it is imp ossible for RMM

S

to con v erge on a mixed strategy Nash EP �

With this impro v ed understanding of RMM

S

�s solution concept� w e then return to the broader

question of recursiv e mo deling in arbitrary domains� In its curren t and latest form� RMM explicitly

represen ts the probabilities for deep er nesting of kno wledge and o v ercomes the limitations of the

previous v ersions of RMM� Ho w ev er� it is still sometimes time consuming or not practical to use all

the �nite kno wledge that is a v ailable� W e end this pap er with a lo ok to w ard w a ys of expanding RMM

so that it can tak e in to accoun t computation and time costs v ersus p ossible pa y o
s� whic h w ould

facilitate the maximization of exp ected pa y o
s� W e also lo ok in to the question of whether it is wise�

in certain circumstances� to assume common kno wledge� and in to the question of metareasoning�

� The Recursiv e Mo deling Metho d

In our discussion� w e will b e concen trating on a subset of the RMM theory � Sp eci�cally � w e will

assume t w o agen ts of in terest b oth of whom ha v e accurate kno wledge of eac h other�s pa y o
 matrices�

to some certain �nite lev el� W e also assume that this lev el is su�cien tly large� F or these cases�

RMM builds a recursiv e hierarc h y where eac h lev el is a pa y o
 matrix that represen ts the pa y o


the pla y er exp ects�

F or instance� if pla y er A has pa y o
 matrix M and pla y er B has matrix N� pla y er A will use its

matrix M to determine whic h mo v e it should mak e� It determines its mo v e b y calculating whic h of

its options will giv e it the highest pa y o
� But� to do this� it needs to kno w what pla y er B is pla ying�

It will then assume that pla y er B will also try to maximize its pa y o
 and so it will mo del pla y er

B using its pa y o
 matrix N� Pla y er A will mo del pla y er B� recursiv ely � mo deling A with its matrix

M� and so on� This hierarc h y will con tin ue to expand un til w e run out of kno wledge� �Note that if

w e had real common kno wledge the lev els will b e extended to in�nite depth�� The �nal lev el will

then b e �lled with the 	zero kno wledge
 solution� where w e simply represen t our lac k of kno wledge

as the pla y er pla ying eac h of its options with the same probabilit y � Once w e reac h the �nal lev el�

w e can propagate the v alues bac k up the hierarc h y and determine whic h mo v e is the b est one for
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Figure �� This is the hierarc h y of a simple RMM game to four lev els for t w o pla y ers A and B� The

b ottom most elemen t is the 	zero kno wledge
 solution� After propagating v alues to the top the

solution w e get tells us that the pla y er A should pic k c hoice b�

us to tak e� Propagation is done b y � at eac h lev el� assuming that the strategy from the lev el b elo w

is the one the other pla y er will pla y and� with it and the game matrix� calculating what the b est

strategy for this pla y er is� An example can b e seen in Figure ��

The full v ersion of RMM allo ws the game matrices to c hange for eac h lev el� That is� if m y

pa y o
 matrix is M� it is still p ossible that I think that m y opp onen t thinks that m y pa y o
 matrix

is something other than M� In fact� ev ery pa y o
 matrix in the hierarc h y could b e di
eren t� W e are

not concerned as m uc h with these cases b ecause these situations do not lead to Nash equilibriu ms�

In fact� if this kno wledge really represen ts the true state of the w orld then it should b e clear that

RMM do es come up with the b est strategy �since it considers all the kno wledge a v ailable and tries

to maximize pa y o
s at eac h stage�� Ho w ev er� w e are concerned ab out the simpler case where b oth

agen ts are presen ted with a standard game�theoretic pa y o
 matrix� of whic h they ha v e complete

or almost complete common kno wledge� F or this case� game theory predicts an EP solution� whic h

is not the solution that the original RMM necessarily arriv es at�

� The di�eren t solution concepts�

��� Simple RMM solution

In its original sp eci�cation� RMM�s solution w ould sometimes oscillate as w e increased the n um b er

of lev els used� It w ould� for example� return one answ er if w e applied the algorithm to an o dd

�



n um b er of lev els� and another answ er if w e applied it to an ev en n um b er of lev els� The am biguit y

w as resolv ed� in some instances� b y a v eraging out the di
eren t answ ers� The resulting solution

pro v ed to b e di
eren t than the EP solution�

��� Nash EP solution

The Nash EP solution states that� giv en an EP v ector of strategies� no individual pla y er� regarding

the others as committed to their c hoices� can impro v e his pa y o
 b y deviating from its strategy �

There is no standard w a y of �nding the Nash EP for all games� although di
eren t metho ds and

tric ks can b e used in certain situations�

��� RMM solution using the sigmoid function�

It w as h yp othesized that the reason RMM failed to reac h the EP solution w as b ecause it committed

to one conjecture or another to o early �i�e� it w as o v ereager�� The problem w as �xed b y incorp o�

rating a sigmoid function whose role is to reduce the imp ortance of the solutions close to the lea v es

of the tree� Details on this function can b e found in �� �� W e will call this v ersion RMM

S

� The

deep er lev els of the hierarc h y w ere m ultiplied b y a sigmoid function with a v ery small exp onen t k �

A small exp onen t has the e
ect of transforming the old strategies in to new ones with a reduced

di
erence in the probabilities for c ho osing an y one option� A t the extreme� for k � � all the options

receiv e the same probabilit y � The higher lev els of the hierarc h y got bigger v alues of k � up to in�nit y �

With a v alue near in�nit y the sigmoid functions transforms the strategy suc h that the one option

with the higher probabilit y than all the others will no w ha v e probabilit y equal to �� while all the

other options will ha v e probabilit y equal to �� The function for the probabilit y of option i � giv en

its exp ected pa y o
 relativ e to the pa y o
s of all the options J� is�

p

i

� P a y o
 � i �

k

�

X
j �J

P a y o
 � j �

k

Implemen tation of the sigmoid function leads to some p eculiar b eha vior where the algorithm

seemed to get closer and closer to the mixed EP solution only to then div erge a w a y from it and

go bac k to the pure strategy solutions ����� and ������ Suc h b eha vior alw a ys app eared no matter

what rate of increase w e c hose for the exp onen t of the sigmoid function� Our goal for this pap er is

to explain wh y this b eha vior o ccurs and what it means�

� Ho w to �nd an EP solution

A Nash EP solution is v ery w ell de�ned� ho w ev er� there is no de�nitiv e metho d for �nding it� The

di
eren tiation metho d used to �nd the EP solution in �� � is not guaran teed to alw a ys w ork� It

migh t not �nd all the EPs� Ho w ev er� this metho d is fairly p o w erful and� as w e shall see later� the

solution it returns corresp onds to the one RMM

S

sometimes tries to con v erge to� It will� therefore�

b e useful for us to exactly de�ne the solution that the di
eren tiation metho d deriv es� The follo wing

theorem can b e pro v en using some algebraic manipulations� Its pro of can b e found in App endix

A���

Theorem � The solution strategy arrived at by using the di�erentiation method is X such that�
given that our opponent�s payo� matrix is M � M � X � N � where N is the vector matrix that has
all its values equal to � � N �given that M is an N � N matrix��
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Giv en a sp eci�c game matrix �
a b

c d

�

w e can use Theorem � to conclude the follo wing��App endix A���

Corollary � For two players with two choices� the solution arrived at by using the di�erentiation
method is x �

x �

b � d

c � b � d � a

���

Where x is the strategy for one of the players and the matrix is the payo� matrix for the other
player�

In other w ords� the di
eren tiation metho d returns a strategy suc h that� if w e pla y it� our

opp onen t will get the same pa y o
s no matter what he pla ys� This information is all w e need in

order to come up with an equation for the solution in the � � � case� Please note that the solution

arriv ed at b y the di
eren tiation metho d do es not tak e in to accoun t the pla y er�s pa y o
 matrix� only

his opp onen t�s� Since w e kno w that our opp onen t�s strategy is suc h that no matter what w e pla y

w e get the same pa y o
 w e can pro v e the follo wing��App endix A���

Theorem � For two players� the strategy x arrived at by the di�erentiation method �if any� is
always a weak Nash equilibrium point�

A w eak Nash EP is one w ere w e are not doing strictly b etter with our strategy but w e are doing

as w ell as with an y other strategy � It should b e clear that the di
eren tiation metho d migh t fail to

arriv e at a legal answ er �i�e� it migh t set the probabilities to b e more than � or less than ��� F or

suc h cases� the theorem do es not hold� Also note that the con v erse of Theorem � is not true so w e

can conclude that� while the di
eren tiation metho d� when it w orks� will return an EP � w e can not

rely on it to �nd an y or all of the EPs�

�

� Understanding the b eha vior of RMM S

It is easier to understand the b eha vior of RMM

S

b y lo oking at a picture of a symmetric game where

b oth pla y ers ha v e the same pa y o
 matrix� with only t w o p ossible c hoices for eac h pla y er� Since

there are only t w o p ossible mo v es� w e can assume that one of the mo v es is selected with probabilit y

x and the other one with probabilit y � � x � W e represen t the probabilit y x on the x�axis� The

y�axis represen ts the normalized exp ected pa y o
 to the other pla y er� also kno wn as the sigmoid

function� W e then dra w a di
eren t pa y o
 curv e for eac h v alue of the exp onen t� W e also dra w the

line y � x � Since b oth opp onen ts ha v e the same pa y o
s� and therefore the same sigmoid function�

w e can map the b eha vior of the RMM

S

algorithm in m uc h the same w a y as w e w ould trace the

b eha vior of a non�linear system ���� W e start with the v alue x � � � �� our initial guess� and trace

the progression of the solution� as seen in Figure ��

As can b e seen� as the exp onen t k increases the sigmoid curv e gets steep er around x � � � �� the

EP solution� If w e trace the RMM

S

solution w e see ho w it approac hes� at the b eginning� the EP

solution� Ho w ev er� when it gets to o close� it starts div erging bac k the the pure strategy solutions�

�

As a side note� w e migh t men tion that all the Nash EPs� of a � � � game� can b e found b y plotting b oth sigmoid

functions for k � �� One of them is plotted in the standard w a y � and for the other one w e switc h the x and y axes�

These functions will cross at either one or three p oin ts� The in tersection p oin ts will corresp ond to the EPs�

�



Figure �� Here w e see the progression of the solution for the RMM

S

algorithm� The n um b ers on

the curv es are the exp onen ts � k � of their resp ectiv e curv e� The lo w er lev els of the RMM

S

hierarc h y

ha v e the smaller v alues of k � whic h k eeps increasing as w e go up in the hierarc h y � The solution

starts at �� �going up to meet the sigmoid� then left to meet y � x � and so on� and w orks its w a y

to w ards the pure strategy solutions�

Figure � giv es us a go o d in tuition as to wh y the EP solution� for this example� is not a stable

solution in the RMM

S

mo del� W e can see that the sigmoid function gets steep er and steep er around

x � � � �� W e can also see that at eac h step of the algorithm� the solution line go es horizon tally

to meet the curv e y � x and v ertically �do wn� to meet the sigmoid curv e� It should b e clear that

the momen t the solution falls b elo w y � � � � it will immediately spinout to the pure solutions� It

should also b e clear that this can easily happ en if w e increase the exp onen t to o fast b ecause then the

sigmoid curv e will b e so steep that� when the solution tries to meet the curv e it will fall b elo w ����

This is the reason wh y RMM

S

needs to b e careful when increasing the exp onen t� Unfortunately �

ev en b eing careful will not alw a ys w ork�

The reason the solution migh t still div erge is that the p oin t of in tersection migh t not b e an

attractor� Nonlinear systems theory tells us that if the magnitude of the slop e of the curv e at the

p oin t of in tersection with y � x is greater than �� then the p oin t is not an attractor� Figure � sho ws

a plot of the slop e at the in tersection p oin t as a function of x � Exp erimen tally � w e ha v e determined

that� for this case� the p oin t of in tersection stops b eing an attractor when k gets bigger than � � �����

�
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Figure �� Plot of the slop e at the in tersection p oin t x � for the same game as in the previous �gure�

Note that the p oin t will stop b ecoming an attractor when the magnitude of the function is greater

than one� in this case when x � � ����� Also� slop es greater than zero corresp ond to negativ e v alues

of k so w e will ignore them�

with x � � ����� W e ha v e deriv ed an equation� for the general � � � case� that giv es us the slop e at

the p oin t of in tersection for arbitrary v alues of x � With it� w e can determine the x v alue for whic h

the magnitude of the slop e b ecomes greater than �� Once w e ha v e the x v alue� w e can determine

it�s corresp onding k � These equations are quite complex� so w e ha v e included them in App endix

A��� Unfortunately � w e ha v e b een unable to solv e for k and �nd an equation for the v alue after

whic h the p oin t of in tersection will not b e stable� This task seems esp ecially daun ting due to the

complexit y of the equations� If w e could �nd it� suc h an equation w ould tell us exactly after whic h

p oin t RMM

S

should start b eing esp ecially careful� F ortunately � with the equations giv en� w e can

easily �nd k using simple n umerical metho ds�

Lo oking at these n um b ers� w e notice that the p oin t x � � ���� at whic h the RMM

S

solution

b ecomes unstable is far remo v ed from its desired solution p oin t of x � � ����� The RMM

S

algorithm

w ould ha v e to b e resp onsible for k eeping the solution from div erging as the sigmoid curv e tra v els

through this area �i�e� from k � � � ���� to k � ��� Esp ecially since� as k gets bigger the in tersection

p oin t b ecomes more unstable� F or k � � it is in�nitely unstable�

These reasons seem to indicate that there is no easy w a y of mo difying the RMM

S

algorithm

�



to alw a ys con v erge on the in tersection p oin t� If w e try to slo wly increase the exp onen t so that the

solution will not go do wn to o far� w e will �nd that the solution will still div erge b ecause w e are

no longer near an attractor� It is true that the solution migh t seem to get closer to the desired

EP solution ev en after passing the last attractor p oin t� but this w ould simply b e due to the fact

that w e are c hanging the exp onen t� If at an y momen t w e w ere to stop increasing the exp onen t� the

solution w ould div erge since the p oin t is not an attractor� On the other hand� to k eep increasing

the exp onen t in a suc h a w a y that the solution alw a ys sta ys close to the in tersection p oin t w ould

mean that w e ha v e prior kno wledge of the v alue of the EP solution w e are trying to reac h�

Keeping the 	b est
 solution �i�e� the one with the higher exp ected pa y o
 � at eac h step will

result in a smo other approac h since w e will b e ignoring the div ergences that app ear b ecause w e

are not near an attractor� But it will lead to a situation where w e either stop mo ving or w e jump

to w ards the pure solutions once one of the pla y er�s sigmoid curv es mak e it go b elo w the EP �

Please note that although the previous reasoning dealt only with our one example it also applies

to all game matrices with a mixed strategy Nash EP � The reason is that the sigmoid curv e for them

will ha v e basically the same shap e as the one w e sho w� The only p ossible di
erences are that it

migh t ha v e a di
eren t crosso v er p oin t or it migh t ha v e the v alues to the left of the crosso v er equal

to zero and the ones to the righ t equal to one� None of these di
erences is signi�can t giv en our

reasoning�

	 RMM S desired solution concept

W e established in the previous section that RMM

S

cannot reliably con v erge on the in tersection

solution �i�e� on the in tersection p oin t� as explained in Section ��� In this section� w e will pro vide

a metho d for arriving at the in tersection solution and pro v e that it is a Nash EP � Our reasoning

will pro v e that RMM

S

is trying to con v erge to w ards a Nash EP � That is� the in tersection p oin t

presen ted in the previous section �i�e� the one RMM

S

w as trying to con v erge to� is a Nash EP �

F urthermore� w e sho w that in a � � � symmetric game RMM

S

will alw a ys try to con v erge to the

w eak mixed Nash EP � if there is an y � If none exists then it will con v erge to the pure Nash EP �

�

F or the general � b y � symmetric game matrix� w e can mathematically determine the solution

that RMM

S

will try to con v erge to� W e start with the follo wing game matrix��
a b

c d

�

The sigmoid function for this matrix is f � x �� where x is the probabilit y that the pla y er will

c ho ose to pla y his �rst option� while pla ying the second option with probabilit y � � x �

f � x � �

� ax � �� � x � b �

k

� ax � �� � x � b �

k

� � cx � �� � x � d �

k

���

T o �nd the p oin t where this function in tersects the line y � x �i�e� the solution RMM

S

is trying to

con v erge to� w e set x � f � x �� and after some manipulations w e get the follo wing equation�

x

� �k

� x � c � d � � d � � �� � x �

� �k

� x � a � b � � b � ���

The solution that RMM

S

tries to appro ximate is the x as k �� suc h that Equation � is true�

W e notice that as k � � the terms x

� �k

and �� � x �

� �k

drop o
 to �� assuming that � � x � ��

�

Game theory tell us that� for this case� w e will ha v e either one pure Nash EP � or one mixed EP and t w o pure

EPs�

�



W e can then solv e for x � the solution p oin t�

x �

b � d

c � b � d � a

���

Please note that � � x � � m ust b e true� The only other t w o p ossibiliti es RMM

S

allo ws are for

x � � or x � �� So� if w e use the previous equation for x and it returns a v alue that is not legal�

w e can still �nd the v alue returned b y RMM

S

b y assuming that it is going to return either � or �

and doing the calculations to con�rm or den y this� In other w ords� if w e assume that x � � then

it m ust b e true that

x � lim

k ��

f ��� � lim

k ��

b

k

b

k

� d

k

� � ���

b � d ���

So if b � d then RMM

S

will return x � �� Similarly it will return x � � if the follo wing is true�

lim

k ��

f ��� � lim

k ��

a

k

a

k

� c

k

� � ���

c � a ���

If b oth of these are true then w e ha v e the case where� b � d and c � a but if w e lo ok at our original

equation for x w e can see that if this w ere the case then the v alue of x w ould ha v e b een legal �i�e�

x � � b � d � � � c � b � d � a � and � � x � ��� so w e are bac k to our original case� The same logic

applies if b � d and a � c � The only p ossible case left o v er is if b oth b � d and c � a � then x � � if

a � b � x � � if a � b and x � � � � if a � b �

Cases where b � d and c � a are ones where all the v alues on the diagonal are go o d but the

agen ts cannot decide whic h one to pic k� F or example� in the matrix�
� �

� �

�

RMM

S

w ould try to con v erge to w ards x � � � �� This solution is a Nash EP but it has a pa y o


for b oth pla y ers of ���� This pa y o
 is m uc h lo w er than the pa y o
 of � they w ould get if they had

pla y ed the 	common sense
 strategy of x � � �whic h is also a Nash EP�� The reason this solution

w as pic k ed is b ecause RMM

S

giv es preference to an y mixed strategy EP � no matter what the pa y o


is�

Another example w ould b e the follo wing matrix� �
� �

� �

�

Here w e can calculate the v alue of x to b e

x �

� � �

� � � � � � �

� �
�

�

���

so the v alue of x is illegal� but since � � � this implies that x � �� So b oth pla y ers c ho ose to pla y

their �rst option for an exp ected pa y o
 of ��

W e should note that this analysis pro v es that� for symmetric games� RMM

S

tries to con v erge

to a Nash EP � The analysis w as done for the � � � case since it is the one w e are more concerned

with� Ho w ev er� it is our b elief that the same manipulations can b e applied to bigger matrices and

�



will pro vide us with the same results� Notice that equation � is iden tical to equation �� This tells

us that� when RMM

S

is trying to con v erge to a mixed strategy �i�e� � � x � ��� it is actually

trying to con v erge to the same solution as the di
eren tiation metho d and w e pro v ed earlier that

this solution is alw a ys a w eak Nash EP �if it exists�� If RMM

S

instead is trying to return a pure

solution then w e kno w that it is a Nash EP b ecause it is the strategy that b oth pla y ers prefer�

That is� the strategy RMM

S

will try to return in these cases will b e the v alue of f � x � � � � x � �

when k � �� That means that it is the strategy that maximizes our pa y o
s no matter what our

opp onen t pla ys� This strategy is also a Nash equilibrium since it implies the de�nition of a Nash

EP� giv en that our opp onen t pla y ed some � � z � � w e can do no b etter than to pla y this strategy �

T o summarize� our analysis sho w ed that in cases where a mixed w eak Nash EP exists� RMM

S

will try to con v erge to it� If no mixed EP exists� then RMM

S

will con v erge to the pure Nash EP � The

mixed w eak Nash EP solution migh t not b e pareto�optimal and migh t therefore seem 	wrong
 to

us� but it is a Nash EP solution� Suc h a solution can b e justi�ed b y considering the agen ts as 	risk

a v erse
� Suc h agen ts try to c ho ose a strategy that minimizes their p ossible losses no matter what

the other agen t do es� The strategy that satis�es these constrain ts b est is the w eak EP strategy �

In this section� w e also pro vided a direct mathematical metho d for �nding the EP solution that

RMM

S

is trying to con v erge to�

��� Non�symmetric games

Non�symmetric games can b e represen ted b y using t w o curv es� one for eac h pa y o
 matrix� The

solution will then alternate b et w een eac h curv e� In suc h cases� w e will see an initial �for small

k � unpredictable mo v emen t of the solution v alue as it shifts bac k and forth b et w een the c hanging

curv es� But as k increases� these curv es tak e on a de�nite shap e o v er the in terv al � � x � ��

E
ectiv ely � the �nal curv es � k � �� can ha v e one of four shap es o v er this in terv al�

f � x � � � ����

f � x � � � ����

f � x � �

���
��

� if x � c for some � � c � �

� � � if x � c

� if x � c for some � � c � �

����

f � x � �

���
��

� if x � c for some � � c � �

� � � if x � c

� if x � c for some � � c � �

����

The v alues RMM

S

is trying to con v erge to are those p oin ts where the t w o curv es cross y � x �

If w e examine the �� p ossible com binations �i�e� � � �� of �nal curv es� w e see that there are only

four t yp es of b eha vior the �nal solution can sho w� It can b e stable at either � or �� it can cycle

b et w een these t w o� or it can cycle rep eating eac h n um b er t wice �e�g� ������������ ��� � W e should

p oin t out that all these b eha viors w ere previously observ ed when doing exp erimen ts with RMM

S

�

Our reasoning pro vides an explanation for wh y RMM

S

alw a ys settled on one of these b eha viors�

W e sho w some of the p ossible com binations in Figure �� As can b e seen� for some com binations� the

�nal b eha vior migh t dep end on the initial guess� F or example� the initial guess migh t determine if

the solution stabilizes at � or at �� Notice� ho w ev er� that none of the p ossible �nal b eha viors allo ws

for an y other solution b esides � or ��

�

W e can then see that it is imp ossible for RMM

S

to con v erge

�

Actually � this is not completely true� if b oth functions ha v e the same c � � � � then this p oin t will b e a trem bling

hand equilibri um� The pa y o� matrix w ould also ha v e to b e symmetric� Ho w ev er� since this is not a stable equilibri um

w e will ignore it�

��



0,0,1,1,0,0,1... 0 or 1 1,0,1,0...

Figure �� W e sho w some of the �nal con�gurations that migh t b e arriv ed at b y the curv es in a

non�symmetric game� In eac h case the solution will go up to one curv e then horizon tally to the line

y � x then v ertically to the other curv e and bac k� W e can see ho w this b eha vior of the solution

will lead only to the sp eci�ed b eha viors� In the second example� the �nal b eha vior will dep end on

the initial guess�

to a mixed solution when it is mo deling t w o pla y ers with di
eren t pa y o
s�

F urthermore� since the shap es of the curv es directly map to the existence and t yp e of Nash EPs�

w e can predict� giv en the n um b er of Nash EP that exist� what the �nal b eha vior of RMM

S

will b e�

W e can do this b ecause w e kno w that if there is one mixed Nash EP then the curv es will ha v e a

step shap e but one will go from � to � while the other one will go from � to � �i�e� the leftmost

case on Figure ��� If there are t w o pure and one mixed EP w e ha v e the middle case of Figure ��

and if there is one one pure EP this means that b oth curv es are either zero or one� No w that w e

kno w this it is easy to deduce the follo wing�

� If there is only one mixed EP � the RMM

S

solution will ha v e eac h agen t alternativ ely pla ying

� and � �i�e� the ������� cycle��

� If there are � pure and � mixed EP � the RMM

S

solution will� dep ending on initial conditions�

con v erge on one of the pure solutions�

� If only one pure EP exists� then the RMM

S

solution will return this solution�


 Summary

In the RMM

S

� pap er it w as argued that w e should not let k � � all the time �i�e� the original RMM

form ulation� b ecause then RMM

S

w ould b e o v ereager and con v erge to a solution to o quic kly � By

letting k increase slo wly � it w as hop ed that RMM

S

w ould con v erge on the mixed Nash EP � instead

of cycling among the pure equilibriums� As w e ha v e seen in the graphs of the sigmoid equations

when k ��� the p oin t RMM

S

is trying to con v erge to is � � x � � where the equation f � x � �i�e�

the pa y o
 function with k � �� falls from � to � or from � to �� If p oin t x do es not lie in the

in terv al � � x � �� then RMM

S

returns the v alue that f � x � had on the � to � in terv al�

�

W e sho w ed

that this v alue� the v alue RMM

S

is trying to return� is a Nash EP � W e also determined that if more

�

Please remem b er that when k � � then function f � x 	 is 
 or � for all v alues except for the crosso v er p oin t�

where it has a v alue of � � �

��



than one EP exists then the one returned will b e a w eak mixed Nash EP � The w eak Nash EP migh t

ha v e lo w er exp ected pa y o
 than the other pure Nash EPs�

W e ha v e also sho wn that RMM

S

will �nd it v ery hard to con v erge on the EP solution for sym�

metric games b ecause the in tersection p oin t will stop b eing an attractor for rather small exp onen t

v alues and the solution will not b e reac hed un til the exp onen t equals in�nit y �

F or non�symmetric games� w e sho w ed that it will b e imp ossible for RMM

S

to con v erge on the

mixed strategy solution b ecause� when the exp onen t reac hes in�nit y �or approac hes it� the only

p ossible b eha viors for the solution are to either cycle or sta y at one of the pure solutions�

Finally � w e found that the same metho d used to c haracterize the solution that RMM

S

is trying

to reac h can b e used to determine it� That is� w e can use the equations giv en b efore to �nd the

solution that RMM

S

is trying to con v erge to �for the � � � case�� whic h eliminates the need to use

RMM

S

for this task�

��� Further work

This w ork mak es clear the limitations of RMM

S

and argues for the abandonmen t of the sigmoid

function as a w a y to reconcile the solution concept of RMM with the Nash EP solution� W e recognize

that the solution that RMM arriv es at is correct when w e ha v e a �nite amoun t of kno wledge� all of

whic h is exploited b y RMM� In these cases� the depth of our kno wledge� and therefore the depth of

the hierarc h y � is �nite and completely understo o d� RMM can tra v erse this hierarc h y and retriev e

the b est strategy to pla y � Ho w ev er� when there is common kno wledge presen t or when there is

not enough time to tra v erse the whole hierarc h y � RMM will return a v alue that migh t not coincide

with� or ev en appro ximate� the Nash EP solution� The reason is that RMM in its original form�

has absolute certain t y ab out whic h is the last lev el in the hierarc h y � The sigmoid function w as an

attempt at reducing this certain t y but� as w e ha v e sho wn� it is not a stable solution�

The new est v ersion of RMM �� � incorp orates some of the lessons learned from this w ork� It do es

not ha v e a sigmoid function and� instead� it c ho oses to explicitly represen t the uncertain t y ab out

the depth of kno wledge� This is accomplished with the use of probabilities� The resulting mo del

do es not require the iterativ e deep ening of RMM lev els or the detection of con v ergence or cycles�

It deriv es a single solution using the explicit mo del of all kno wledge and uncertain ties�

This new mo del adds more information to the RMM hierarc h y whic h mak es it ev en more costly

and time consuming to compute a solution� The complexit y is esp ecially troublesome for cases� lik e

the ones w e dealt with in this pap er� where a c heap� game theoretic solution is a v alid solution as

long as w e are willing to assume common kno wledge� It is arguably imp ossible to ac hiev e common

kno wledge���� Ho w ev er� w e prop ose that there are cases where it migh t b e of higher utilit y to

assume common kno wledge and arriv e at an answ er quic kly and c heaply using some simple EP

metho d� rather than use RMM� The question w e are left with is� When is it appropriate to assume

common kno wledge� Ho w man y lev els of nesting are enough for us to justify the assumption of an

in�nite lev el of nesting�

These questions can only b e answ ered if w e also lo ok at the exp ected pa y o
s v ersus the cost of

computation� This issue also arises when w e try to implemen t RMM for a real�time application�

The fact that RMM m ust alw a ys exhaustiv ely searc h through all its kno wledge base for a particular

situation is quite restrictiv e� F urther complications arise b y the fact that in some situations� the

pa y o
s will c hange as a function of time� so that the time sp en t thinking is v aluable� What w e really

w an t is for RMM to return the b est answ er it can get giv en a limited amoun t of time and pro cessing

p o w er� W e are curren tly using some of the w ork done on limited rationalit y �� � to expand RMM so

that it will pro vide this functionalit y � The metho d in v olv es the use of exp ectation functions whic h

calculate the v alue of expanding a no de in the hierarc h y � A no de will only b e expanded if its v alue

��



is su�cien tly large �i�e� w e ha v e something to gain�� Using this tec hnique� w e hop e to dev elop an

algorithm for expanding the RMM hierarc h y in suc h a w a y that there will alw a ys b e an answ er

readily a v ailable �the one w e curren tly b eliev e to b e the b est�� No des in the hierarc h y that do not

con tribute to the answ er are not expanded� W e stop expanding the hierarc h y when there is no

more to b e gained� That is� either the solution will not c hange� or the cost of expanding a no de is

greater than an y pa y o
 b ene�ts�
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A App endix

A�� Proof of theorem �

W e let our opp onen t�s pa y o
 matrix b e M suc h that�

M �

�
B�

e

� � �

� � � e

� �n

�

�

�

�

�

�

e

m� �

� � � e

m�n

	
CA

W e also let p

i

b e the probabilities that pla y er A c ho oses mo v e i � similarly w e let q

i

b e the

probabilities that pla y er B c ho oses mo v e i � lik e so�

q

�

� � � q

n

p

�

�

�

�

p

m

�
B�

e

� � �

� � � e

� �n

�

�

�

�

�

�

e

m� �

� � � e

m�n

	
CA

��



W e can no w calculate the pa y o
 P to pla y er A�

P � p

�

q

�

e

� � �

� � � � � p

�

q

n

e

� �n

�

�

�

�

�

�

�

� p

m

q

�

e

m� �

� � � � � p

m

q

n

e

m�n

����

The di
eren tiation metho d no w tells us to tak e the deriv ativ e of P with resp ect to eac h p

i

and

set all of them equal to zero in order to �nd the desired solution v ector q

i

� W e do this for some

v alid p

i

and notice that since

p

m

� � � p

�

� p

�

� � � � � p

m ��

����

w e can substitute for p

m

in our pa y o
 function P � W e then tak e the deriv ativ es with resp ect to

p

i

� for i � m � and set them to zero�

� P

� p

i

� q

�

e

i� �

� � � � � q

n

e

i�n

� q

�

e

m� �

� � � � � q

n

e

m�n

� � ����

Whic h implies that the di
eren tiation metho d �nds an answ er v ector q suc h that for all i � m

the follo wing will b e true�

q

�

e

i� �

� � � � � q

n

e

i�n

� q

�

e

m� �

� � � � � q

n

e

m�n

����

No w� giv en that pla y er B is pla ying q w e can calculate the exp ected pa y o
s for pla y er A as

follo ws� �
B�

e

� � �

� � � e

� �n

�

�

�

�

�

�

e

m� �

� � � e

m�n

	
CA �
�
B�

q

�

�

�

�

q

n

	
CA �

�
B�

q

�

e

� � �

� � � � � q

n

e

� �n

�

�

�

q

�

e

m� �

� � � � � q

n

e

m�n

	
CA ����

If w e no w lo ok bac k at Equation �� w e can see that all the terms on the pa y o
 v ector will b e

the same� Therefore� v ector q is alw a ys c hosen so that the pa y o
s for the other pla y er will b e the

same no matter whic h pla y he c ho oses�

A�� Proof of Corollary �

Corollary � can b e deriv ed b y follo wing the form ulas in the pro of of Theorem � but using the

sp eci�c � � � matrix instead of the general m � n matrix w e used�

A�� Proof of Theorem �

By lo oking at Equation �� w e can see that the strategy c hosen b y one of the pla y ers is suc h that

the other pla y ers receiv es the same pa y o
s no matter whic h mo v e he c ho oses� Since this is true for

b oth pla y ers w e ha v e a situation where� if an y one pla y er decides to pla y something else� di
eren t

from the EP solution� his pa y o
s will remain the same and will not decrease� If w e no w lo ok at

the de�nition of a w eak Nash EP �i�e� where the pla y ers can deviate from the solution without

reducing their pa y o
s� w e will see that the de�nition applies to this case and the solution is indeed

a w eak Nash EP �

��



A�� Equations for the sigmoid

The follo wing is the sigmoid function for the � � � case�

� ax � �� � x � b �

k

� ax � � � � x � b �

k

� � cx � � � � x � d �

k

����

The follo wing is the slop e of the sigmoid function� that is� the deriv ativ e of f with resp ect to x �

� ax ��� �x � b �

k
k � a �b �

� ax ��� �x � b �

�

� ax �� � �x � b �

k
�� cx ��� �x � d �

k
�

� � ax � �� � x � b �

k



� ax ��� �x � b �

k
k � a �b �

ax ��� �x � b

�

� cx ��� �x � d �

k
k � c �d �

cx ��� �x � d

�

� ax � �� � x � b �

k

� � cx � �� � x � d �

k

���

����

F or a giv en x the follo wing function returns the v alue of k for whic h the sigmoid function at x

will equal x �

ln �� � x � � ln � x �

ln � cx � � � � x � d � � ln � ax � � � � x � b �

����

Finally the v alue of the slop e at the in tersection p oin t� as a function of x � can b e found b y

replacing Equation �� for k in Equation ���
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