EECE 352

Problem Set #2

Due: September 8, 1998

Fall 1998

Problem 1 (25%): Indicate for each pair of expressions (A,B) in the table below, whether A is O, (, or ( of B. Assume that k ( 1, d > 0, m > 0, and b > 1 are constants. Your answer should fill each one of the boxes with either a “yes” or a “no”. Show your work, that is, prove that each answer is correct.

A
B
O
(
(

lgkn
nk
Yes
No
No

nk
(n
Yes
No
No
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nsin n
No
No
No

2n
2n/2
No
Yes
No

nlg m
mlg n
Yes
Yes
Yes

a. lgkn = O(nk)

    (lg n)k ( c nk
    (lg n / n)k ( c  which is true since k(1 and the fraction goes to 0 by L’Hopitals’ rule.

b. nk = O((n)

    nk ( c (n
    nk/(n ( c is true by L’Hopitals rule. We can take the derivative of the numerator until it becomes a constant, while we can take the derivative of the denominator an infinite number of times and will stay the same (good old (n---it stays the same no matter how many times you integrate it or differentiate it). 

c. We cannot prove any of them because the sin n prevents the function from converging to any value. It is never true that, for all n > n0, A will be bigger than B or B will be bigger than A.

Following is the plot of nsin n. As you can see, the function never settles down to a small or a big value.
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d. 2n = ((2.5n)

    2n ( c2.5 n
    c ((2/2.5)n 

    c (  1.44n   is true for c = 1 because this number goes to infinity as n goes to infinity.

e. If we take the logm of nlg m and simplify, we end up with A = (lg m)(logmn). If we do the same for B we end up with B = (logm n)/(logm 2). Notice that they are both a function of logmn times some constant. Therefore, they are both really the same function multiplied by a constant. In big-O notation, if two functions are the same except for a constant factor then they are considered to be the same.
Problem 2 (25%): Rank the following functions in order of growth. That is, find an arrangement g1, g2, …, g10, satisfying g1 = O(g2), g2 = O(g3),…and so on. Partition your list into equivalence classes such that f(n) and g(n) are in the same class if and only if f(n)=((g(n))..

n2
n!
lg2n
2n

lg n
lg lg n
(lg n)lg n
(lg n)!

n lg n
2lg n
n
1

Remember that n! = 1(2(3(((n (it is called n factorial). 

Show your work. The solution to this problem starts like:

1 <  lg lg n < lg n < lg2 n < (n = 2lg n ) < n lg n < n2 < (lg n)lg n < (lg n)! < 2n < n!  

Problem 3 (25%): Exercise 2.6 from the Weiss book.

A.1. O(n) 2. O(n2) 3. O(n3) 4. O(n2) 5. O(n5) 6. O(n4) 

Problem 4 (25%): Exercise 2.7 from the Weiss book.

A. 1. The probability that A[0] contains some number x is simply the probability that rand_int(0,n) returns x. This is, by definition, 1/n for all numbers x between 1and n. Given that A[0] contains any number x with equal probability then, A[1] will also contain any number x with equal probability. By induction, we can say that A[i] will contain any number x with equal probability.

2. The proof is the same as the previous one.

3. Proof by induction: For the case where n=2 we can see that the loop only executes once and, when it does, it executes either Swap(A[1],A[0]) or Swap(A[1],A[1]), each with equal probability. This means that, for this case, the two possible ordering of  {1,2} and {2,1} are equally likely.

For the n+1 case we start with the assumption that the array from A[0] to A[n-1] contains an even distribution of the integers between 0 and n. The value of i is now n and we are executing the statement Swap(A[n], A[Rand_int(0,n)]). We also have that A[n] = n +1. Looking carefully at the Swap statement we notice that the probability that A[n] will contain any number between 1 and n is equal to 1/n. That is, A[n] will be swapped with itself with probability 1/n, and with any other integer also with probability 1/n.

B.  1. O(n3)  2. O(n2) 3. O(n)
Handing it in: You will hand in a hardcopy with your name and all your answers. As always, the deadline is at 4:00pm, no exceptions.
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